COMBINATORIAL PROOFS OF INFINITE VERSIONS OF THE 
HALES JEWETT THEOREM 



NIKOLAOS KARAGIANNIS 



Abstract. We provide new and purely combinatorial proofs of two infinite 
extensions of the Hales- Jewett theorem. The first one is due to T. Carlson 
and S. Simpson and the second one is due T. Carlson. Both concern infinite 
increasing sequences of finite alphabets. 



1. INTRODUCTION 

The aim of this note is to provide purely combinatorial proofs of two known 
infinitary extensions of the Hales- Jewett theorem. To state the theorems we need 
first to recall the relevant terminology. By N = {0,l,...}we denote the set of all non 
negative integers. Let A be an alphabet (i.e. any non empty set). The elements of 
A will be called letters. By we denote the set of constant words over A, that 

is all finite sequences with elements in A including the empty sequence. For A G N, 
by A N , we denote all finite sequences from A, consisting of N letters. We also fix a 
variable x £ A, then a variable word over A is an element in W{A U {x}) \ W(A). 
The variable words will be denoted by s(x),t(x),w(x), etc. A left variable word is 
a variable word such that x is its leftmost letter. Given a variable word s{x) and 
a G A, by s(a) we denote the constant word in W(A) resulting from the substitution 
of the variable x with the letter a. Given q G N with q > 1, then a q-coloring of a 
set X is any map c : X — > {1, q\. A subset Y of X will be called monochromatic, 
if there exists 1 < i < q such that c(y) = i, for all y G Y. Finally, for every finite 
set X, by \X\ we denote its cardinality. 

The following is the Hales- Jewett theorem [6]. 

Theorem 1. For every positive integers p,q and every finite alphabet A with \A\ — 
p, there exists a positive integer Nq = HJ(p, q) with the following property. For 
every N > No and for every q-coloring of A N there exists a variable word w{x) G 
(A U {x}) N \ A N such that the set {w(a) : a G A} is monochromatic. 

The Hales- Jewett theorem gave birth to a whole new branch of research which 
concerns infinite extensions of it in the context of both finite and infinite alphabets 
(see [3], [4], [5], [8], [12], [13]). For an exposition of those results the reader can also 
refer to [IT], [H]. 

The first theorem that we will prove is due to T. Carlson and S. Simpson [3]. 

Theorem 2. Let (A n )^L be an increasing sequence of finite alphabets and let 
A = U n< =fsA n . Then for every finite coloring of W(A) there exists a sequence 
(w n (x))^ } =0 of variable words over A such that for every n > 1, w n (x) is a left 
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variable word and for every n > the words of the form wo(ao)wi(ai)...Wn(a n ) 
with ao G Aq, ai G Ai, a n G A n are of the same color. 

The case where A n = A for all n G N of the above theorem, was the key lemma 
for the main result of [4] and is commonly referred as the Carlson-Simpson theorem. 
As noted in [U p. 274], the above reformulation in terms of an infinite increasing 
sequence of finite alphabets, is due to Miller and Prikry and it is closely related to 
an infinite extension of the Halpern-Lauchli theorem due to R. Laver [10] . 

The second theorem that we will prove is due to T. Carlson [3]. 

Theorem 3. Let (A^^Lq be an increasing sequence of finite alphabets and let A — 
UnenAn. Then for every finite coloring ofW(A) there exists a sequence (w„(x))^° = g 
of variable words over A such that for every n G N and every mo < mi < ... < m n , 
the words of the form w mQ (ao)w mi (ai)...w mn (a n ) with oq G A mo ,ai G A mi , a n £ 
Aran, are °f the same color. 

Actually, Theorem [3] is a consequence of a more general result of T. Carlson 
(see [21 Theorem 15]). As shown in [SI §3], a left variable version of Theorem [3] is 
not true. However, such a version holds true for the case of a finite alphabet [121 
Theorem 2.3]. 

The common approach of the proof of the above results is based on topological 
as well as algebraic notions of the Stone-Cech compactification of the related struc- 
tures (see e.g. [5]). On the other hand, the proofs of Theorems [5] and that we 
are going to present are based on the classical Hales- Jewett theorem and avoid the 
use of ultrafilters. Our approach has its origins in the proof of Hindman's theorem 
[7] due to J. E. Baumgartner pQ. Actually, a proof of a weaker version of Theorem 
[2] given in (TIJ §2.3] was the motivation for this note. The main difficulty that we 
encountered was the manipulation of the infinite sequence {A n )^ =0 of alphabets. 
In particular, we remark that if one wishes to prove the aforementioned results for 
a finite alphabet then the proofs are considerably simpler. 

2. Proof of theorem 

2.1. Preliminaries. In this subsection we introduce some notation and terminol- 
ogy that we will use for the proof of Theorem [5J We fix an increasing sequence 

A c Ai c ... U„c ... 

of finite alphabets and we set 

A = Li ne ^A n . 

Let V(A) be the set of all variable words {over A). By V <oc (A) (resp. V°°{A)) 
we denote the set of all finite (resp. infinite) sequences of variable words. Also let 
V^°°(A) = V <oa {A) UV°°(A). Generally, the elements of V^°°{A) will be denoted 
by s, t, w, etc. 

2.1.1. Reduced constant and variable span of a sequence of variable words. Let m G 
N, (s„(ir))™ =0 G V <0 °(A) and (&„)™ =0 be a strictly increasing finite sequence of 
non negative integers. The reduced constant span of (s„(a;))™ = o with respect to 
(^fe,J™=o i s defined to be the set 

[( s «( a; ))n=o II (^On=o]c = {so(a )si(ai)...s m (a m ) : at G A k% for all < i < m}. 
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We also define the reduced variable span of (s n (x))™ =0 with respect to (A kn )™ =0 
to be the set 

[(s n {x))Z= o || (A fe J™ ]„ = V{A) n [( S „(x))™ || (A kn U ] c 

that is the reduced variable span of (s„(a;))™_ with respect to (A kn )™ =0 consists 
of all variable words of the form so(bo)...s m (b m ) such that for each < n < to, 
b n E A kn U {x} and for at least one n we have b n = x. 
Finally, for a non empty finite subset B of A we set 

[(s n (x))™ =0 II B] c = {s (b )s 1 (b 1 )...s m {b m ) : h G B for all < i < m} 

and 

[M*))n=o II B]» = ^) n [( S „(*))n=0 || B U {x}] c . 
The above notation is naturally extended to infinite sequences of variable words 
as follows. Let (s n (x))%L E V°°(A) and (fc„)^° =0 be a strictly increasing sequence 
of non negative integers. Then the reduced constant span of (s„(a;))^L with respect 
to (A fc JEL , denoted by [(s„(a;))~ =0 || (A fc j£=o]c is the set 

{so(a )si(ai)...s m (a m ) : to e N, a 4 e ^4fe, for all < i < to} 
= U meN {(s n (x))™ =0 || (A fcn )- ] c 
and the reduced variable span of (s„(x))^ with respect to (^4fc„)^ i s the set 

II (^Jn= ], - ^) n [(*„(X))~ o || (A fc „ U {x})~ ] c 

= U meN [( S „(x))™ =0 || (A fe J™ =0 ]„. 

In the following we will also write [s || (^4fc„)^o]c (resp. [s \\ {Ak„) < %L ] v ) to 
denote the the reduced constant (resp. variable) span of s = (s n (x))^L with 
respect to (A fcn )£L . 

2.1.2. Reduced k-block subsequences of a sequence of variable words. We need to 
specify a notion of a "block subsequence" of a sequence of variable words. To this 
end we give the following definition. 

Definition 4. Let k G N. 

(i) Let I 6 N, t= (t n (x)) l n=0 G V <00 (A) and s = {s n (x))%L G V°°{A). 
We say that t is a (finite) reduced k-block subsequence of s if there exist 
= m < ... < mi + i such that 

U(x) G [{ Sn (x))^; 1 II (A k+n )^-%, 
for allO<i<l. 

(ii) Let t= (t n (x))%L , s= (s n (x))%L G V°°(A). We say that t is a (infi- 
nite) reduced k-block subsequence of s if for every I G N the finite sequence 
(t n {x)) l n=0 is a (finite) reduced k-block subsequence of s. 

In the following we will write t < k s whenever t G V-°°(A), s G V ca (A) and t is 
a reduced /c-block subsequence of s. 

Taking into account that the sequence of alphabets (A n )^ =0 is increasing, the 
next facts follow easily from the above definitions. 

Fact 5. Let fceN and s,t G V°°(A). If F< fc s then 

[t || (A fc+n )~ ] c C [s || (A fe+n )~ ] c and [t\\ (A k+n )%L „]„ C [s || (A fe+n )~ ]„. 

Fact 6. Let fc , fci G N, s, t, w G V 00 ^). If fc < fei and tu < ko t < kl s then w < fel s. 
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We close this section with a fusion lemma that we shall need later on. 

Lemma 7. Let (t n )^ =0 be a sequence in V°°(A) and (w n (x))%L be a sequence of 
variable words. Also let (k n )^L and (m n )^L with mo = be two sequences in N. 
Let t n = (4 n \x))fl for all n G N and assume that for every n > 1 the following 
are satisfied. 

(i) m n > 1 and k n = fc„-i + m n . 

(h) w n - x { X ) g [{tt^ix^zv 1 ii (4„- 1+t )r=o"V 

(iii) t n is a reduced k n -block subsequence of (t\ n 1 \x))^Z m . 

Then there exists a strictly increasing sequence (p n )^Lo ^ n N with po = such that 
for every n G N the following are satisfied. 

(CI) k +p n > k n . 

(C2) w n (x) G [(^(x))^- 1 || (A k0+i )t;r%. 

(C3) is a reduced k n -block subsequence of t n . 

For the proof of Lemma [71 we shall need the following. 

Sublemma 8. Let t= (t n (x))%L ,t' = (t' n (x))%L G V°°(A) and let fc,fc',pi,pi in 
N satisfying the following properties. 

(i) k + pi < k' +p[. 

(ii) (U(xm pi < k , +p[ (t'iix))™^. 

Let p2 G N with P2 > Pi ■ Then there exists a p 2 ' G N with p 2 ' > p[ such that the 
following hold. 

(a) p 2 - pi < p' 2 - p[ . 

(b) k+p 2 < k' +p' 2 . 

(c) {U{xm p2 <y +P > 2 %{x))Z p ^ 

(d) \uxm~i ii {A k+l )\r P i] v c [(tj^))^ 1 ii ^wri;']- 

Proof. Using Definition [4] and assumption (ii) we find a unique positive integer d 
such that 

(1) t pi (x)...t P2 . 1 (x) G Mix))^?- 1 || (A.+Oi^ 1 ], 
and 

(2) Ux))Z P2 ^ +P ' 1+d &(x))Z p , i+d . 
By (fT]) we easily conclude that 

(3) p 2 - pi < d. 

Moreover, since the sequence of the alphabets (A n ) n is increasing, by (jTJ) and 
assumption (i), we get that 

(4) [(ti(x)) p ii P i ii {A k+i )^-% c m(x))ttr ii 

We set £>2 = Pi + d. Then (a) follows from j3]). Also, using (i), we have that 

k + p 2 = k + pi + (p 2 - pi ) < k' + p\ + d = k' + p 2 

and so (b) is satisfied too. Finally, using ([2]) and (|4|) we easily derive (c) and (d) 
respectively. □ 
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Proof of Lemma^ By induction for every n > 1 we select a finite sequence (p n )f—Q 
in N with p™ = and p^ 1 — mn satisfying for every n > 1 the following conditions. 

(a) p l n _i < p l n for all < I < n — 1 and for every 1 < I < n — 1 we have 

Pn Pn-1 — Pn Pn-1- 

(b) For every 1 < I < n we have 

ki+p^^k^+p 1 - 1 . 

(c) For every 1 < I < n we have 

(t« w (*))£* < fcl _ 1+P <- (^W)^!. 

(d) For every 1 < I < n — 1 we have 

[(*f ) (^))it_ 1 11 c [(tf-^x))^ ii (A fc! _ 1+J )^],. 

The above inductive construction is easily carried out using Sublemma [8] 

We set po = and p n = , for all n > 1. We claim that the sequence (p n )^Lo is 
as desired. Indeed, by (a) we have p^-i < Pn for all n > 1 and hence the sequence 
{Pn)n° = Q is strictly increasing. Moreover, by (b) we easily get (CI). Finally, by (ii) 
and (d) of Lemma [3 it follows that for every n € N and every < I < n we have 

(5) w n ( X ) e [(tf^x^r 1 ii (A kl+i )fz;r\. 

Setting I — in (JSJ) we derive (C2). To verify (C3) we hx n Q G N. Setting / = n 
in (|5|) we get that (w„(i))™ = „ is a reduced k no -block subsequence of t no and the 
proof of the lemma is complete. □ 

2.1.3. Shifting sequences of variable words. Let s(x) be a variable word over A. By 
s(x)* we denote the maximal initial segment of s(x) which is a constant word and 
by s(x)** the maximal final segment of s(x) for which is a left variable word. 

Clearly, s(x) — s(x)* s(x)** for every s(x) G V(A). Moreover, if s(x) is a left 
variable word then s(x)* is the empty word. 

Definition 9. We define a map S : V°°(A) —> V°°(A) as follows. For every 
s= (s n (x))%L G V°°(A) we set S(s) = (w n (x))%L , where w {x) = s (x)si(x)* 
and for every n>l, w n (x) — s n (x)** s n+ i(x)* . 

Notice that for every s G V°°(A), S(s) is a sequence of variable words which 
all except perhaps the first, are left variable words. In addition, for every s = 
(s n (x))^ =0 G V°°(A) such that s n (x) is a left variable word for all n > 1, we have 
that S(s) = s. 

It is easy to see that the map S preserves the infinite reduced fc-block subse- 
quences. More precisely, we have the following. 

Fact 10. Let k G N and s,t € V°°(A). If t< k s then S(i) < k S(s). 

2.1 A. The notion of [S, k)-large families. The next definition is crucial for the proof 
of Theorem [3 

Definition 11. Let k G N, E C W{A) and s G V°°(A). Then E will be called 
(S, k) -large in s if 

En[S{d) || (A fe+n )- o ] c ^0, 

for every infinite reduced k-block subsequence w of s. 
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In other words E is (5*, fc)-large in s if for every infinite reduced fc-block subse- 
quence w — (wn(x))^ =0 of s there exist m G N and ai G Ak+i for every < i < m 
such that 

wa(a )...w m (a m )w m+1 (x)* G E. 
By Fact [6] we easily obtain the following. 

Fact 12. Let fc 6 N, £ C T^(A) and s G such that E is (5, fc)-large in 

s. Then for every infinite reduced fc-block subsequence t of s we have that E is 
(S, fc)-large in t. 

Lemma 13. Let k G N, E C and s G such that E is (S,k) -large 

in s. Let r > 2 and let E — |J i=1 E^, Then there exist 1 < i < r and an infinite 
reduced k-block subsequence t of s such that Ei is (S, k)-large in t. 

Proof. We first show the result for r = 2. Assume to the contrary that for every 
infinite reduced fc-block subsequence t of s neither E\ nor E 2 is (S, fc)-large in t. 
Then E\ is not (S, fc)-large in s and so there exists t\ <k s such that 

Er n [S(h) || (A k+n )%L } c = 0. 

Similarly, E2 is not (S, fc)-large in t\ and so there exists t2 <!fc t\ such that 

E 2 n [S(t 2 ) || (A k+n )^ ] c = 0. 

Since £2 <!fc ti, by Fact [6] we have that t% <! fe s. Moreover, by Fact [TOl we get that 
<!fc S(ti) and therefore by Fact [5] we have that 

[S(t 2 ) || (A k+n )%L ] c C II (^ + „)~ ]c 

Hence, -En [Sfo) || (v4fc +n )^ ] c = 0, a contradiction since E is (S 1 , fc)-large in s 
and t 2 <ik s. Hence, the lemma holds true for r — 2. Using induction the result 
follows. □ 

2.2. The main arguments. We pass now to the core of the proof. We will need 
the next definition. 

Definition 14. Let E and F be non empty subsets ofW(A). We define 
Ep = {z G W(A) : wz G E for every w G F}. 

Notice that for every Fi,F 2 C we have (Ep^^ — Ep 1 p 2 , where F\F 2 = 

{wiw 2 : Wi G F 1 ,w 2 G F 2 }. 

The next lemma is the first main step towards the proof of Theorem [2] and it is 
the point where we use the Hales- Jewett theorem. 

Lemma 15. Let k G N, E C W(A) and s= (s n (x))™ =0 G V°°{A) such that E is 
(S,k)-large in s. Then there exist m > 1, w(x) G [(s n { x ))n=6 II (^fc+™)™=To L ] 1 > an ^ 
t G V°°(A) with t <k+m (s n (%))%L m such that setting F = {w(a) : a G Ak} then 
Ep is (S, (k + m)) -large in t. 

Proof. Fix fc G N, E C W(A) and s = (s n (x))%L G V°°{A) and assume that E is 
(S, fc)-large in s. 

Claim 16. There exist r G N and a finite sequence (wi(x)) r =0 with (wi(x))^ =0 s 
such that for every w(x) G V(A) with (wq(x), w r (x), w(x)) <lfc s there exists 
(a ,...,a r ) ellLo^+n suc h that w {a )...w r (a r )w(x)* G E. 
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Proof of Claim [7^1 Assume that the conclusion fails. By induction we easily con- 
struct a sequence of variable words w = (w n (x))^ =0 G V°°(A) with wo(x) = So(x), 
w <k s and [S(w) \\ (Ak+n)^Lo]c C E c , a contradiction. □ 

Claim 17. Let («jj(a;))£_ be as in Glaim XTb\ Let no > 1 be the unique integer such 
that w (x)...w r (x) <E [(s„(x))^lo 1 II i A k+n)n=o\ and set 

r 

q = II l^ fc +™l' ^ = HJ(\A k \,q) and m = n a + N, 
n=0 

where HJ(\Ak\,q) is as in Theorem]^ 

Then for every variable word v{x) G [(s n (x))^— m || (Ak+ n )^= m ]v there exist a 
constant word 

and a variable word 

V(*) 6 [{Snix))^- 1 II 

smc/i that wy(b)v(x)* £ -E /or all b £ A/.. 

Proo/ of Glaim\n\ We set B = A k and we fix v{x) G [(s„(x))£° =m || (Afc+^J,,. 
We will define a finite coloring of -B^, depending on v(x), as follows. Let b = 
(bo, &at_i) G B N be arbitrary and let z(x) = s no (bo)...s no +N-i(bm-i)v(x). Since 
S = A k C ^ fe+n for all n G N, we have that z(ar) G [(s„(a;))^ =no || {A k+n )%L no ] v . 
Therefore (wo(x), w r (x), z(x)) is a finite reduced fc-block subsequence of s. Hence, 
by Claim [TBI we may select (<Zq , aj?) G Iln=o A-k+n such that u>o(ag )...w r (a^)z(x)* 
G £7. We define 

r 

fe+n 

n=0 

by setting c v ( x )(b) = (a%,...,a%). 

Since q — Y\ r n=0 l^k+nl an d ^ = £TJ(|.B|, g), by the Hales- Jewett Theorem and 
the way we define c v t x \, we conclude that there exists a variable word 

y{x) g [(^(i))^- 1 II b] v 

and an (r + l)-tuple (ao, a r ) G Iln=o such that 

ttfo(ao)"-«v(or)i/(&Msc)* G £7, 

for all b e B. 

We set to = w (a )...w r {a r ). Since io (a;)...«; r (a:) G [(s^ie))"^ 1 II (^fc+n)n=o ]« 
we easily see that w G [(s„(a;))™^ 1 II ( J 4fc+n)n=0 1 ]c an d wy{b)v(x)* G £7, for all 
beB = A k . □ 

Claim 18. Let (w;i(:r))[ = Q be as in Claim \TSl and no, N and m be as in Claim [77[ 
Let 

P= IKWlLo II (^+n);= ]c X [(SnW^L+f- 1 || A fc ] u 

and for every [w,y(x)) G P iei -P(tu,j/(x)) = {wy(a) : a G Afc}. Finally, let 

E * = U Ef (™m*»> 

(w,y(x))£P 

where E F(wMx)) = {z G W(A) : uz e E for all u G F( W)y ( x ))}. 
XTien £7* is (S 1 , (fc + m))-large in (s n (x))'£L m . 
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Proof of Claim [Tffl Let t — (t n (x))^L be an arbitrary reduced (k + m)-block sub- 
sequence of (s n (x))^ =m . Let ao G Ak+ m and set v(x) = to(ao)ti(x). Clearly, 

v(x) € [(s„(x))™ =m || (A k+n )%L m ] v 

and so, by Claim [TT1 there exists a pair (w,y(x)) G P such that wy(b)v(x)* G E, 
for all 6 £ i t or equivalently v(x)* = t (a )ti(x)* G E F{wy{x)) C E* . Therefore, 
E* is {S, {k + m))-large in (a n (a;))~ m . □ 

We are now ready to finish the proof of the lemma. Indeed, by Claim [18] and 
Lemma fl3l there exist a pair (wo,yo(x)) G P and a reduced (k + m)-block subse- 
quence Fof {s n (x))^ =m such that Ep {w Bo(x)) is (S, (k + m))-large in t. We set 

w(x) = w yo(x) and F = F^ WOtyo ^ = {w(a) : a G A k }. 

Then w(x) G [(s„(x))™~ 1 || (A k+n )"^] v and E F is (S, (k + m))-large in £ as 
desired. □ 

Lemma 19. Let i e N, £ C W(-A) and s ^ (s n (x))%L G suc/i tfeai £ is 

(S,k)-large in s. Then there exist a sequence (w n (x))™— of variable words and two 
strictly increasing sequences {k n )^L Q and (p n )^Lo in N 7 with fco = k and po = 
smc/i t/iat setting for every n G N, F„ = [(u)i(x))™_ \\ (Ak^—olc then for every 
n G N the following properties are satisfied. 

(PI) k+p n > k n . 

(P2) u^(x) G [(^(^)^r 1 || (Aj^h)^- 1 ],. 
(P3) E Fn is (S,k n+1 ) -large in (wi(x))°g n+1 . 

Proof. By repeated use of Lemma [T51 we obtain a sequence (w n (x))%L of variable 
words, a sequence (in)^L m V°°(A) with i = s, and two sequences (fc n )^ an d 
( TO n)^°=o m with ko — k and m = 0, such that setting for every n G N, 
*n = (^i O^So then for every n > 1 the following are satisfied. 

(i) m n > 1 and fc„ = fc n -i + TO n- 

(ii) u, n _i(x) G [(tj"- 1 ^!))^ 1 || (^„_ 1+ *)SfV 

(iii) t n is a reduced fc„-block subsequence of (t\ n ~ 1 \x))^l m . 

(iv) The set E Fnl is (S 1 , /c n )-large in t n . 

Assertions (i) - (iii) allow us to apply Lemma [7] and obtain a strictly increasing 
sequence (p n )^Lo with pa = satisfying (C1)-(C3) of that lemma. Notice that 
(CI) and (C2) are identical to (PI) and (P2) respectively. By (C3) we have that 
(wi{x))°°^ n+1 is a reduced fc n +i-block subsequence of t n +i and by (iv) above we 
have that Ep n is (S, fc n+ i)-large in t n+ \. Hence, by Fact [T2l we have that (P3) is 
also satisfied. □ 

Lemma 20. Let w = (w n (x))%L 0) (fc n )^_ and (p n )^L ^ e ^ e sequences obtained in 
Lemma[TU Also let F n — [{u)i(x))f =0 \\ (Akjf^c, f or a ^ n G N. Then there exist a 
strictly increasing sequence (r n )^ * n ^ with rg = and a sequence t = (t n (x))%L 
of variable words such that for every n > 1 £/ie following are satisfied. 

(qi) t„(x) g [(w rn+l (x))zv~ rn ~ 1 ii (^„+or=r" r " _1 ]«- 

(Q2) For every u G [(^(x))™^ 1 || (Ak^.^oU we have ut n (x)* G E. 
(Q3) [(ti(s))? =0 || (A^ )U]c C F* B+1 _ X . 
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Proof. We proceed by induction to the construction of the desired sequences. For 
n = lwe set ro = 0, n = 1 and to(x) = wo(x). Let 

G = [to(x) M^.Jc 

Then Go = i*b and therefore by Lemma [T9l we have that Eq is (S, fci)-large in 
(u^a;))^. Hence, there exist r S N and € ^U-i+i, < i < r such that for every 
u G Go we have 

uw ri (a )...w ri+r (a r )w ri+r+ i(x)* e 
We set T2 = r-y + r + 2 and 

ti(x) = w ri (a )...w ri+r (a r )w ri+r+1 (x) = w ri (ao)...w r2 - 2 (a r )w r2 -i(x). 
Notice that ti(x)* — w ri (ao)...w r2 -2(a r )w r2 _i(x)* and 

[(u(x))U || (4 1+1 JL ] C c [K(x))^ 1 1| {A ki y^] c = F r2 _L 

By the above we have that (Ql) - (Q3) are satisfied for n = 1. 

Assume that the construction has been carried out up to some n > 1. We set 

Gn = [{U(X))U || (^^J^oJc 

and by our inductive hypothesis we have that G n C F rn+1 —±. Therefore by Lemma 
[T^we have that Eg„ is (5", £v„ +1 )-large in (wi(x))°^ rri . Hence, there exist r G N 
and a,i G A^ r < i < r such that for every u G G n we have 

tiro r „ +1 (oo)...ffi r „ +1+r (a r )ro r „ +1+r+ i(j;)* G E. 
We set r n+2 = r n+ \ + r + 2 and 

tn+l{x) = W rn + 1 (a a )...W rn+1+r (a r )w rn + 1+r+ i(x) 

= w rri+l {a )...Wr n+2 -2{a r )w rrl+2 ^i{x). 
Notice that t n +i(x)* — ■w rn+1 (ao)---w rri+2 -2(a r )w rn+2 -i(x)* and 

|| (A^.J&c C [(^(x))^"- 1 || {A k Xlt~\ = Fr n+2 -x- 

It is easily checked that (Ql) - (Q3) are satisfied and the proof of the inductive 
step is complete. □ 

Corollary 21. Let k G N, E C PF(A) and s G sucft t/ia* £ is (S,k) -large 

in s. Then there exists a reduced k-block subsequence t of s such that 

[5(t) || (A k+n )™ = ] c C £. 

Proof. Let (r„)^L an< ^ * = (^n( 2; ))^o be the sequences obtained in Lemma [2U1 
Fix j G N. By (P2) of Lemma [H] we have that 

«v n+i (x) g [{s^ztixv 1 ii (^)£;:::r^- 

Moreover by (PI) of Lemma [TU1 we have that 

k -\~ Pr n ^ "V n +j • 

Hence, for all j G N, 

K+jW II 4^+j]c C [(.i(x))^^- 1 || (Afc+i)^^- 1 ]^ 
Therefore we obtain that 

[K„+^));= + i ~ r "~ 1 ii (^„ + ,);= + i " r " _1 ] c c i( S4 (x))^:f 1 ii (A fe+4 )^ P :f x ] c 
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and so 

[(Vr n+j (x))%£^- 1 || {A krn+0 )%%^-\ C [( Si (x))ZT~ 1 II (A k+l )tlt\ 
Hence, by (Ql) of Lemma l20l we have that 

t n {x) e [(siixyfc^- 1 1| (a^ZizX, 

i.e. i is a reduced /c-block subsequence of s. 

Recall that 5(t) = (* (a;)ti(a;)*,ti(x)**t2(a:)*,...). We set u (x) = t (a:)ti(a;)* 
and for all n > 1 we set w n (a;) = t„(a;)**t n -|_i(:E)*. Then 

[S(t) || (i4 fc+ »)~ ] c = [MaO)~ o || (Afc+n)" ] c . 

Let neN and for every < i < n let aj £ ^Ife+t- Notice that 
uo(oo)tti(ai)...ttji(an) = io(ao)...f n (a»»)*n+i( af )*- 

We set u = io(do)^i( a i)— Since the sequences (k n )^ =0 and (r n )^L are 
increasing we obtain that 

Therefore, 

« G [&(z))?=0 II (^+4'= ]c £ [(*iC0)2=O II (V^Jtolc 

Hence by (Q2) of Lemma |2"01 we have that 

ut n+ i(x)* = t (a )...t n (a n )t n+ i(x)* € E. 
Therefore [5(f) || (Aj, +r j)^Lg] c C E and the proof is complete. □ 

Theorem 22. Let k G N and u = (fn(a;))5^Lo ^ e a sequence of variable words such 
that for every n > 1 w„(x) is a Ze/t variable word. Let r > 2 and [u || (Afc +n )^° =0 ] c = 
[J r i=1 Ei. Then there exist 1 < i < r and a reduced k-block subsequence w = 
(w n (x))'^L Q of v such that for every n > 1. w n (x) is a left variable word and 
[w || (A k+n )%L ] c C Ei. 

Proof. Since for every n > 1, v n (x) is a left variable word he have that S(v) = v 
and so [S(v) \\ {A k+n )™ =0 ] c = [v || (A k+n )^ ] c = U r l=1 E t . Let te V™(A) such 
that t <k v. By Fact IT0| we have that S(i) S(v) and by Fact [5] we obtain that 
[S(t) || (A k+n )™ =0 ] c C [5(5) || (A k+n )%L ] c and therefore [5(f) || (A fc+n )- =0 ] c C 
Uj—i-Ei. Thus, trivially, we get that U[ =1 Ei is (5, fe)-large in u. Hence, by Lemma 
[TUl there exist 1 < i < r and s <l k v such that Ej is (5, /c)-large in s and so by 
Corollary [2B there exists a t <l k s such that 

[5(*5 II (^fe+n)n]c C Ej. 

We set w = 5(f). Since f s <i k v we have w = S(i) <i k S(v) = v. Hence, w < k v 
and [w || {A k+n ) n ] c C Ej. The proof is complete. □ 

Proof of Theorem^ Let r > 2 and let W(A) = U[ =1 Ej. Let u = (x, x, ...). Then 
II {A n )n=o\c = W{A) = U^Ej. Applying Theorem [22] for fc = 0, we obtain 
1 < i < r and w = (w n (x))^L E V°°(A) such that for every n > 1, w n (x) is a left 
variable word and [w \\ (A n )^ =0 ] c C Ei. □ 
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3. Proof of theorem [3] 

3.1. Preliminaries. As in Section f2.ll we fix for the following an increasing se- 
quence 

AoC^C ... C A n C ... 
of finite alphabets and we set 

A = U ne ^A n . 

Again, by V(A) we denote the set of all variable words (over A). Also by V <00 (A) 
(resp. V°°(A)) we denote the set of all finite (resp. infinite) sequences of variable 
words and let V-°°(A) = V <00 (A) U V°°{A). 

3.1.1. Extracted constant and variable span of a sequence of variable words. Let 
meff, {s n {x))n=o G V <00 (A) and (fc„)™ =0 be a strictly increasing finite sequence 
of non negative integers. The extracted constant span of (s n (x))™ =0 with respect to 
( A kJn=o denoted by < (s n (x))J[L || (A kn )™ =0 > c is defined to be the set 

m 

U { s 'o( a o)---s;„(a„) : < l Q < ... < l n < m, a, G A kl Jor all < i < n}. 

We also define the extracted variable span of (s n (x))™— with respect to {A kn )™ =0 
to be the set 

< (s n (x))™ =0 || (A kn )™ =0 > v = V(A)n < Mx))™ =0 || (A kn U{x})™ > c , 

that is the extracted variable span of (s„(x))^L with respect to {A kn )™_ Q consists 
of all variable words of the form si (fro)sii (bi)---Si n (b n ) such that < lo < l\ < ... < 
In < m, bi G A kl , U {x}, for all < i < n and for at least one i we have bi = x. 

The above notation extends to infinite sequences of variable words as follows. Let 
(s n (a;))^Q G V°°(A) and (fc n )5?Lo be a strictly increasing sequence of non negative 
integers. Then the extracted constant span of (s n (x))^ =0 with respect to {A kri )%L 
denoted by < (s n (x))^ =Q \\ {A kn )^ =0 > c is defined to be the set 

{si (ao)si 1 (ai)...si n (a n ) : n G N, < lo < h < ... < l n , a t G Afc,.for all < i < n} 

and the extracted variable span of (s n (x))^L with respect to {A kn )^_ is the set 

< (*n(z))£=o II (4On=0 >v= V(A)H < (s n (x))™ =0 \\ (A kn U {x})~ > c . 

In the following we will also write < s \\ (A kn )^L > c (resp. < s \\ {A kn )%L > v ) 
to denote the the extracted constant (resp. variable) span of s = (s n (i))™ =0 with 
respect to {A kn )^ =0 . 

3.1.2. Extracted k-block subsequences of a sequence of variable words. Next we spec- 
ify a notion of a "block subsequence" of a sequence s G V°° (A) which is related to 
the extracted span of s. 

Definition 23. Let k G N. 

(i) Let I G N, t = {t n (x)) l n=0 G V <co {A) and s = (s n (x))%L G V°°{A). 
We say that t is a (finite) extracted k-block subsequence of s if there exist 
= mo < ... < mi + i such that 

U(x) G< (snix))^- 1 || (A k+n )™±£7 1 > v , 

for allO<i<l. 
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(ii) Lett = (t n (x))%L ,s = (sn(x))%L G V°°(A). We say thatt is an (infinite) 
extracted k -block subsequence of s if for every I E N, the finite sequence 
(t n (x)) l n=0 is a (finite) extracted k-block subsequence of s. 

In the following we will write t < k s, whenever t G V-°°(A), s E V°°(A) and t 
is an extracted fc-block subsequence of s. 

Notice that if t is a finite (resp. infinite) extracted fc-block subsequence of s 
then by Definition 1231 there exists a finite (resp. infinite) sequence of non negative 
integers (mi) such that U(x) G< (s n )n=mi 1 || (A k+n ) 7 n=mi 1 >„. In contrast to 
the case of reduced fc-block subsequences (sec, Definition 0]) this sequence of non 
negative integers is not necessarily unique. This is due to the way extracted spans 
and block subsequences are defined. 

Moreover, taking into account that the sequence of alphabets (A n )%L Q is increas- 
ing, the next facts follow easily from the above definitions. 

Fact 24. Let k G N and s,te V°°(A). If t < k s then 

< t\\ (A k+n )%L > c c< g\\ (A k+n )%L > c 

and 

< f || (A k+n )™ =0 >,C< s || (A k+n )™ =0 > v . 

Fact 25. Let fc ,fci G N, s,t,w G V°°(A). If fc < fci and w < ko t < kl s then 
w < kl s. 

The following lemma corresponds to Lemma [7] The proof is similar. 

Lemma 26. Let (t„)^_ be a sequence in V°°(A) and (w n (x))^L be a sequence of 
variable words. Also let (fc n )J£L and (m„)5£L with mo = be two sequences in N. 
Let t n = (ti n \x))™ for all n G N and assume that for every n > 1 the following 
are satisfied. 

(i) m n > 1 and k n = fc„-i + m n . 

(ii) w n ^{x) g< (t^ix^zv 1 II >«■ 

(iii) f n is an extracted k n -block subsequence of (t\ n (x))?l m . 

Then there exists a strictly increasing sequence (pn)J^Lo ^ n ^ Po = suc/i that 
for every n G N i/ie following are satisfied. 
(Rl) k Q +p n >k n . 

(R2) «;„(*) G< (tftz))^- 1 || (Ako+i)^" 1 >«■ 

(R3) (t«i(x))^ n is a extracted k n -block subsequence oft n . 

3.1.3. The notion of k -large families. 

Definition 27. Let k G N. E C VK(.4) and s G V°°(A). T/ien £ ttraH fee caZ/ed 
k-large in s if 

En<w\\ (A k+n )Z, >c± 0, 
for every infinite extracted k-block subsequence w of s. 

By Fact [25] we easily obtain the following. 

Fact 28. Let k G N, E C and s E ^°°(j4) such that E is fc-large in s. Then 

for every infinite extracted fc-block subsequence t of s we have that -E 1 is fc-large in 
t. 
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Moreover, arguing as in Lemma [13] we obtain the lemma below. 

Lemma 29. Let ke~N.EC W(A) and s e V°°(A) such that E is k-large in s. 
Let r > 2 and let E — U£_i ^i- Then there exist 1 < i < r and an infinite extracted 
k-block subsequence t of s such that Ei is k-large in t. 

We will also need the following. 

Lemma 30. Let k G N, E C W(A) and s= (s n (x))%L G V°°{A) such that E is 
k-large in s. Then for every m £N, E is (k + m)-large in (s n (x)%L m . 

Proof. Let t G V°°(A) such that t <k+m (s„(a;)^L m . It is easy to check that t is an 
extracted fc-block subsequence of s and therefore, since E is A-large in s, we obtain 
that 

En<t\\ (A k+n )%L >c^9. 

Moreover, since the sequence of alphabets (A n ) is increasing we get that 
< t || (A k+n )%L > c c< t\\ (A k+m+n )™ =0 > c . 

Hence, Ef) < t \\ (A k+m + n )^=o >c¥ 1 for CVC1 T t < k + m (s n (x))%L m , i.e. E is 
(k + m)-large in (s n (x)%L m . □ 

3.2. The main arguments. We remind some notation from Section 12.11 For a 
non empty finite subset B of A we set 

[(s n (z))n=o II B V = {so(6o)si(&i)-s m (6 ro ) : h G S for all < i < m}, 

and 

[(*» (*))n=o I! B]« = V(A) n [( S „(«=o II B U {*}] c . 

Lemma 31. Let k e N, E C W(A) and s= (s n (x))%L G V°°(A) such that E is 
k-large in s. Then there exist m G N and w(x) G< (s n (x))™ =0 || (A k+n )™ =0 > v 
such that {w(a) : a G A^} C iJ. 

Proof. Assume to the contrary that the conclusion fails. By induction we construct 
a sequence w = (w n (x)) < k s such that < w \\ {A k+n )^ =Q > c (= E c which is a 
contradiction since E is /c-large in s. 

The general inductive step of the construction is as follows. Let N > 1 and 
assume that (w n (x))^Q has been constructed so that 

(w n (x))%=o < k sand < (w n (x))%-J || (A k+n )^ > C C E°. 

Let rto > 1 be the least integer satisfying 

W (x)...W N - 1 (x) G< (Snix))^ 1 || (Afc+n)^ 1 

and let 

g = 2 nf=o 1 (i^ fc+l i+i). 

Let = J(|j4fe + jv|, g) be as in Theorem[T] For every < i < TV— 1 we set A k+i = 
A k+i U {0} and by convention W0) = 0. To each w G [(s no +n(x))n=o II A k+N]c 
we assign the set of words 

N-l 

{w (a )...w N -i(a N -i)w : (a , ajv-i) G ^fc+i}- 

i=0 
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Since wo(ao)...WN-i(o.N-i)w belongs either to E or to E c , the above correspon- 
dence induces a g-coloring on the set [(s no +n(x)) n =o II Ak+N]c- Therefore, by the 
Hales- Jewett theorem there exists a variable word 

W(x) 6 [(S no +n(x))"=o II A k+N]v 

such that for every (ao, ...,ajv-i) S Ililo 1 Afc+i the set 

{t«o(fflo)— i«iv-i(oiv-i)tw(ffl) : a G A k +N} 
either is included in E or is disjoint from E. By our initial assumption and since 
Ak Q Ak +n , there is no (ao, ajv-i) G II^lo 1 A-k+i satisfying the first alternative. 
So setting wn(x) = w(x) we easily see that (w n (x))^ =0 <k s and 

<K(*))£L || (A k+n )% =0 > C CE C . 

The inductive step of the construction of w is complete and as we have already 
mentioned in the beginning of the proof this leads to a contradiction. □ 

The next lemma is crucial for the proof of Theorem |3] and it is the second and 
last point of the proof where the Hales-Jewett theorem is utilized. 

Lemma 32. Let k G N, E C W(A) and s= {s n (x))%L 6 V°°(A) such that E is 
k-large in s. Then there exist m > 1, w(x) G< (s n (x))J[!Zo II (Afc+n)«S) >v an d 
t G V°°{A) with t <k+ m (s n (x))^L m such that setting F = {w(a) : a G Ak} then 
E H Ep is (k + m)-large in t. 

Proof. Fix k G N, E C W(A) and s = (s n (a;))£L € V°°(A) and assume that £ is 
fc-large in s. 

Claim 33. There exist r G N and a finite sequence (wi(x))l— with (wi(x))l— <k s 
such that for every w(x) G V(A) with (wq(x), W r (x), w(x)) <k s there exist 
v G< {w n (x)) T n=0 || (A k+n )n = o >c and a G A k+r+1 such that v w(a) G E. 

Proof of Claim [ffM Assume that the conclusion fails. By induction we easily con- 
struct a sequence of variable words w — (w n (x))%L G V°°(A) with w < k s and 
wq(x) = sq(x) such that for every n G N, every b G< (iUj(x)™ =0 || (Afc + j)™ =0 > c 
and every a G Ak+ n +\ we have that frio n +i(o) G E c . Setting for every n G N, 
u^(a;) = W2n(^)w2n+i(^) and = (u4(a:))5£L then we obtain that w' <k s and 
< w' || ( J 4/j + „)^L >c^ i? c , a contradiction. □ 

Claim 34. Let (wi(x))l =0 be as in Claim Let uq > 1 be the least integer such 
that w (x)...w r (x) G< (s„(x))^o 1 || (Ak+n)^) 1 >v and set 

q=\< (w n (x)) r n=0 || (A k+n ) r n=Q > c | • lAk+r+i], 

N = HJ(\A k \,q) and m = n + N, 
where H J(\Ak\, q) is as in Theorem]]} 

Then for every variable word v(x) G< (s n (x))^L m \\ (Ak+ n )^L m >i> there exist 
a constant word 

w G< Mx))%£ || (Ak+nYXa 1 >C 
a letter a G Ak+ r +i and a variable word 

y(x) G [{snix))^- 1 || A k ] v 

such that wy(b)v(a) G E for all b G Ak- 



COMB. PROOFS OF INFINITE VERSIONS OF THE HALES-.IEWETT THEOREM 15 



Proof of Claim\34\ We set B = A k and we fix G< (s n (x))%L m \\ (A k + n )%L m >„. 
We will define a finite coloring of B N , depending on v(x), as follows. Let b = 
(60, &at_i) G B N be arbitrary and let z(x) = s„ (6o)--- s n +iV-i(^7V-i)w(a;)- Since 
B = A k C Ak+n for all n G N, we have that 

z(x) g< (s„(z))£L„ II (A fe+ „)^° =no > v . 

Therefore, (wo(x), w r (x), z(x)) is a finite extracted fc-block subsequence of s. 
Hence, by Claim 1551 there exists w h G< (io„(i))^ || (A k+n )^ l=0 > c and a b G 
A k+r+ i such that u> b z(a b ) G E. We define 

c*(x) : B N -4 < (n; n (x))^ =0 || (A fe+ „); =0 > c xA l+r+1 

by setting 

c v (s)(b) = (w b ,a b ). 

Since g = | < (w„(x))^ =0 || (A fe+n )^ =0 > c | • \A k+r+1 \ and TV = HJ(\B\,q), by the 
Hales- Jewett Theorem and the way we define c v / x \, we conclude that there exist a 
variable word 

V(X) G [(Snix))^- 1 || 

a constant word w G< (w„(a;))^_ || (A k+n ) r n=0 > c and a G Afc +r+ i such that 

wy(b)v(a) G £, 

for all b e B. Since wo(x)...w r (a;) G< (s„(x))"^o II (^fc+n)"!^ 1 >u we easily see 
that «, G< (s„(x))^ 1 || (Ak+^1%- 1 > c and u>y(6)i;(a) G E, for all b <E B. □ 

Claim 35. Lei (u>i(a;))£_Q 6e as in Claim [33\ and no, N and m be as in Claim \34\ 
Let 

P=< (w n (x)Y n=Q || (A k+n y n=0 > c xlMx))^- 1 || A k ] v 
and for every (w,y(x)) G P let Fr w>y M\ = {wy(a) : a G A k }. Finally, let 

e*= |J EnE FlwMun , 

(w,y(x))ef 

where E F{wy{x)) ={z£ W(A) : uz e E for all u G F{w,y(x))}- 
Then E* is (k + m)-large in (s„(a;))™ =m . 

Proof of Claim[3B[ Let t = (t n (x))^ =0 be an arbitrary extracted (k + m)-block 
subsequence of (s n (a;))£L m . Since f7 is fc-large in s, by Lemma 1501 we have that i? 
is (k + m)-large in (s n (i))^ =m and hence E is (k + m)-large in t. By Lemma [511 
there exists a variable word v(x) in < {t n (x))^ =Q || (Afc +m+n )5£L >„ such that for 
every a G A k+m , v(a) G £. Since v(x) G< (i„(a;))£l || (A fe+m+n )^L >v we easily 
obtain that v(x) G< (s n (a;))^L m || (j4fc +n )J£L m >„ and so by Claim [34] there exists a 
pair (u>, y(x)) G P and a G A k+r+ i C Aj. +m such that wy(b)v(a) G -E, for all 6 G A^. 
Hence u(a) G EC\E F(wy{ai)) C £*. Moreover, u(a) G< (s n (:r))£L m || (A fe+ „)£° =m > c . 
Therefore, E* is (fc + m)-large in (s„(x))^L m . □ 

We are now ready to finish the proof of the lemma. Indeed, by Claim [55] and 
Lemma [29l there exist a pair (iuo, yo(x)) G P and an extracted (k + m)-block 
subsequence t of (s n (x))%L m such that EPiE F(uio y is (fc + m)-large in i. We set 

w(x) = w y (x) and E = E^,^)) = {w(a) : a G A fc }. 

Then w(x) G< (s„(x))™ = 7 1 || (Ak+n)™'^ > v and E fl E F is (fc + m)-large in t, as 
desired. □ 



1(5 



NIKOLAOS KARAGIANNIS 



Using Lemma [26] and arguing as in Lemma [19] we have the following. 

Lemma 36. Let k G N, E C W(A) and s = (s n (x))™ =0 E V°°(A) such that E 
is k-large in s. Then there exist a sequence (w n (x))^L of variable words and two 
strictly increasing sequences (k n )^L and (p n )^Lo in with k = k and p = 
such that setting for every n£ff, F n =< (Wi(x))f— || (A ki )™ =0 > c then for every 
n£N the following properties are satisfied. 

(51) k +p n >k n . 

(52) w n (x) G< (siix))^- 1 || (A^Z; 1 - 1 >„. 

(53) E H Ep n is k n+ i-large in (wi(x))°^L n+1 . 

Lemma 37. Let w = (w n (x))%L , (fc n );JLo (Pn)5i*Lo ^ e ^ e sequences obtained 
in Lemma [M ^Zso fet F„ =< (iMj(a;))™ =0 || CAfeJiLo > c , for all n G N. 7%en 
f/iere exist a strictly increasing sequence (r„)^° =0 in N wit/i ro = and a sequence 
t = {tn{x))'^' = o of variable words such that for every n > 1 the following are satisfied. 

(Tl) t n (x) G< K„ +i (a;))S 1 - r "- 1 || (A krn+l )Z + 1 - r "- 1 >„. 

(T2) For every a G we /iai>e t n (a) G £7 and ut n (a) G /or every u G 

< (*iW)?=o II ^O?=o 

(T3) < (^(x))r =0 1| {A kn yy =Q > C G F rw+1 _L 

Proof. We proceed by induction to the construction of the desired sequences. For 
n = 1 we set ro = 0, r± = 1 and to (a;) = Wo(x). Let Go =< to(^) || A k > c . 
Then Go = Fq and therefore by Lemma [3S] we have that E n i?G i s fci-large in 
(io,(a;))g. 1 . By Lemma |3"T1 there exist r G N and a variable word 

h(x) G< K 1+ i(a;))[ =0 || (A fen+i )Lo >«> 

such that for every a G and every u G< to (a;) || A kr > c , we have ti(a) G E 
and uti(a) G E. We set r2 = r\ +r + 1. It is straightforward that 

h(x) g< K+iW)^ 1 " 1 1| (^ ri+ 0£o ri " 1 >c, 

and 

< (t,(x:))Lo || (^)io ><£< hW)^ || (AfeJ^ 1 > c = fr-2-1- 

By the above we have that (Tl) - (T3) are satisfied for n = 1. Assume that the 
construction has been carried out up to some n > 1. We set 

G„ =< (t^))^ || {A kTi )U >c 
and by our inductive hypothesis we have that G n C i 7 ' rii+1 _ 1 . Therefore by Lemma 
[36]we have that EP\EG n is fc r „ +1 -large in (iw^a;))^.^ . By Lemma I3T1 there exist 
r G N and a variable word 

t n+ i[x) G< (uv n+1+l (aO)Lo || (A krn+i+l ) r l=Q > v , 

such that for every a G ^fe r?i+1 and every u G< (t,-(a;))-L || {A kr . )™ =0 > c 5 we have 
t n +i(a) G -E and ui„ + i(a) G E. We set r„ +2 = ?* n+ i + r + 1 and therefore 

tn+1 (x) g< K„ +1+ ,(x))^ 2 " r " +i_1 ii [A krn+i+l )z + r rn+i ^ >c 

and 

< (iiW)?^ 1 II (A kr M >^< KW)^ 2 " 1 II (AkX=o 2 ^ >c=F rn+2 - X . 
It is easy to check that (Tl) - (T3) are satisfied and the proof is complete. □ 
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The following Corollary as well as its proof is similar to Corollary [5TJ For 
completeness we include its proof. 

Corollary 38. Let ke~N.EC W(A) and s£ V°°(A) such that E is k-large in s. 
Then there exists an extracted k-block subsequence u of s such that 

< u || (A k+n )%L > C C E. 

Proof. Let (r n )^ =0 and t = (t n (x))^ =Q be the sequences obtained in Lemma [37] 
Using (SI) and (S2) of Lemma [36l and (Tl) of Lemma [37] we have that 

i.e. t is an extracted /c-block subsequence of s. 

For every neN, We set u n (x) — t-2 n {x)t2 n+ \{x) and let u — {u n (x))^ =0 . Clearly, 
u is an extracted fc-block subsequence of s. Since the sequences (fc„)^° =0 and (r n )^L 
are increasing we obtain that 

< (U(x))U || (A k+l )- =0 > c c< Ux))U || {A k JU > c , 

for all n € N. By the definition u = (u n (x))^ =0 we obtain that 

< Mz))?=o II {A k+ i)U >cQ< (U{x)tU l || (A k+l )tV > c ■ 

Hence, 

< Mz))? =0 ii (A fc+J )r =0 > c c< (^(x))^ +i ii (A fer j^ +i > c , 

for all n E N. By (T2) of Lemma [37] we have that for all n e N, 

< k(*)? =0 ii c^k+i)?^ > c c 

and therefore < u || (^4fe +n )^ > C C £J. □ 

Theorem 39. Let k € N and z7 = (D„(a;))^L &e a sequence of variable words. Let 
r > 2 and < u || (v4fe + „)^ > c = U£ =1 i?t. TTien i/iere exist 1 < i < r and an 
extracted k-block subsequence u= (ti n (i))™ =0 of v such that < u \\ (A k+n )^ =(j > C C 
Ei. 

Proof. Let w G U°°(^4) such that w < k v. By Fact^U we have that 

< «f II (Ak+n)n=0 >cC< t? || (v4 fe+ „),T =0 >c 

and therefore < w || (A k+n )^ =Q > C C U- =1 -E;. Thus, trivially, we get that U- =1 -E; 
is /c-large in u. Hence, by Lemma [29] there exist 1 < i < r and s < k v such that 
Ei is fc-large in s and so by Corollary [38] there exists a u < k s such that 

> c c Ei. 

Since u < k s < k v, by Fact 1251 we have that u < k v and the proof is complete. □ 

Theorem [39] easily yields Theorem [3] 

Proof of Theorem^ Let r > 2 and let = U r l=1 Ei. Let = (x, x, ...). Then 

< v || (A„)£L Q > c = = U$ =1 Ei. Applying Theorem (51 for k = 0, we obtain 

l<!<randw = (w n (x))™ =0 € such that < to || (A„)£L > C C E^ □ 
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